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We analyze the existence, stability, and multiplicity of T-periodic coexistence
states for the classical nonautonomous periodic Lotka]Volterra competing species
model. This is done by treating the average values of the birth rates of species as
parameters, and studying the global structure of the set of coexistence states as
these parameters vary. As a result of this analysis, we can explain the interesting
differences between the results for the periodic case and the associated au-
tonomous model. Q 1997 Academic Press
1. INTRODUCTION
In this work we study the classical nonautonomous Lotka]Volterra
model for competing species under the assumption that all the coefficients
are periodic functions with a common period
u9 t s L t u t y a t u2 t y b t u t ¨ t , .  .  .  .  .  .  .  .
1.1 .
¨ 9 t s M t ¨ t y c t u t ¨ t y d t ¨ 2 t . .  .  .  .  .  .  .  .
 .  .  .  .  .  .To be precise, we assume that L t , M t , a t , b t , c t , and d t are
 .  .  .continuous T-periodic functions such that L t ) 0, M t ) 0, a t ) 0,
 .  .  .b t ) 0, c t ) 0, d t ) 0, for all t g R. Although to get many of the
results of this paper it suffices to assume that
T T
L ) 0, M ) 0, 1.2 .H H
0 0
we shall assume that L 4 0 and M 4 0 because this condition is needed
to show some of the main results of this paper. For example, if we regard
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the averages of the ``birth rates'' L and M as parameters, then the set of
 .T-periodic coexistence states of 1.1 possesses the structure of an analytic
surface linking the surfaces of semitrivial positive T-periodic solutions of
 .1.1 . The positivity is needed to guarantee that any singular point on the
surface of solutions lies on a curve of turning points contained in such a
surface.
We analyze how the dynamics of the component-wise positive solutions
 .  .of 1.1 varies when some of the coefficient functions involved in 1.1 vary.
w xMottoni and Schiaffino 20 , in a pioneer work, showed that any compo-
 .nent-wise nonnegative solution of 1.1 converges in the large to a T-peri-
 .odic component-wise nonnegative solution of 1.1 . So, to analyze the
dynamics, we can concentrate on the analysis of the existence, multiplicity,
 .and stability of T-periodic component-wise nonnegative solutions of 1.1 .
The model admits three types of T-periodic nonnegative solutions: namely,
 .the trivial state, 0, 0 ; the semitrivial states, which are the positive solu-
 .  .tions of the form u, 0 and 0, ¨ ; and the coexistence states, which are the
T-periodic solutions component-wise positive. The analysis of the existence
and the stability of the trivial and semitrivial states is straightforward. The
analysis of the existence, multiplicity, and stability of the coexistence states
 .is far from easy, even for a model which appears as simple as 1.1 . The
first problem comes from the fact that the existence of a coexistence state
cannot be characterized in terms of the local stabilities of the semitrivial
 .states. In fact, a quasi-cooperative dynamical system like 1.1 possesses a
coexistence state if and only if neither the trivial nor some of the
semitrivial states is a global attractor for the positive solutions.
 . wMuch of the previous work related to 1.1 can be found in 1]3, 7, 12,
x w x13, 17, 20]25 and the references therein. Cushing 7 used the average of
the birth rates as the bifurcation parameter to show the existence of a
 .  .continuum closed and connected of coexistence states of 1.1 which
connects the two semitrivial states lying on the coordinate axis. Hale and
w x w xSomolinos 12 extended the results of 20 to a general class of cooperative
and competitive systems showing that their Poincare maps have the sameÂ
monotonicity properties as the Poincare map of the Lotka]Volterra equa-Â
w xtions studied by Mottoni and Schiaffino. Smith 21, 22 , under the addi-
tional assumption that the fixed points of the Poincare map are hyperbolic,Â
w xextended the results of Mottoni and Schiaffino 20 for two-dimensional
systems, completely describing the possible phase portraits for the discrete
w xdynamical system generated by the Poincare map. Alvarez and Lazer 3Â
 .showed that certain inequalities involving the several coefficients of 1.1
imply the existence, uniqueness, stability, and global attractivity in the
.positive cone of a coexistence state. Some of these results were extended
w x w xby Ahmad and Lazer 2 and Tineo 23 to a class of periodic]parabolic
problems under homogeneous Neumann boundary conditions, where some
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sufficient conditions for extinction as well as for the existence and the
w xuniqueness of a coexistence state were found. Hess and Lazer 13 devel-
oped an abstract theory for general order-preserving systems which applies
 .to 1.1 ; as a consequence of the abstract theory, they found the following
 .results for 1.1 :
 .  .i If both semitrivial states are linearly unstable, then 1.1 is
 .compressive or permanent and it possesses a stable coexistence state.
 .  .ii If one semitrivial state is linearly stable and 1.1 does not have
a coexistence state, then that semitrivial state is a global attractor.
 .  .iii If both semitrivial states are linearly stable, then 1.1 possesses
an unstable coexistence state.
w x  .Tineo 24 studied the N-species version of 1.1 and found a sufficient
condition for the existence of a coexistence state using a monotone
w xscheme. In fact, the condition of 24 is also sufficient for permanence, as
w xwas shown by Zanolin 25 for a general class of competitive systems. The
analysis of more general models with continuous coefficients bounded
above and below by positive constants is beginning to attract attention cf.
w x.1 , as well as the analysis of dynamics of model metapopulations using
 w x .coupled logistic equations cf. 10 and the references therein , and we plan
to extend some of the results in this paper to such larger systems.
 . T  . TSetting l s 1rT H L and m s 1rT H M, in this paper we solve the0 0
following two problems: the problem of analyzing the structure of the set
 .of coexistence states of 1.1 when l and m vary, and the problem of
 .  .ascertaining the shape of the set of values of l, m for which 1.1
possesses a coexistence state, and more specifically the shape of the set of
values of the parameters where the species persist both semitrivial states
.are unstable .
In Section 8 we show that the set of coexistence states possesses the
structure of an analytic surface linking the two surfaces of semitrivial
states along their respective curves of change of linearized stability. In
particular, no isolas of solutions can arise. Moreover, we also show that,
given any curve on that surface, the stability of the coexistence states along
that curve changes if and only if a turning point is traversed. As the
coexistence states can be obtained by using standard bifurcation results
from simple eigenvalues along the semitrivial states, the exchange stability
principle provides us with the stability of the coexistence states near the
semitrivial states, and therefore we can predict the stability of a given
coexistence state by simply looking at its position on the surface of
coexistence states. Notice that a closed and connected set is not necessar-
ily connected by arcs, and therefore our results are substantially sharper
w xthan those of Cushing 7 , where a continuum of coexistence states linking
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the two semitrivial states was shown to exist. These results provide us with
some partial answers to the second problem. For example, since the
 .  .  .l, m -projection is continuous, the set of values of l, m for which 1.1
possesses a coexistence state is connected. Moreover, our results provide
w xus with a deep version of the main theorems of Hess and Lazer 13 .
 .Indeed, if both semitrivial states are linearly unstable, then 1.1 possesses
an odd number of asymptotically stable coexistence states and an even
number of unstable coexistence states. In particular, it admits at least one
stable coexistence state and at most a finite number of linearly neutrally
stable coexistence states. If both semitrivial states are linearly asymptoti-
 .cally stable, then 1.1 possesses an odd number of linearly unstable
coexistence states, an even number of linearly asymptotically stable coexis-
tence states, and at most a finite number of linearly neutrally stable
coexistence states. In particular, it admits at least one unstable coexistence
state. When a semitrivial state is linearly asymptotically stable and the
 .other is linearly unstable, then the number of coexistence states of 1.1
that are linearly asymptotically stable equals the number of coexistence
states that are linearly unstable. These multiplicity results cannot be
w xobtained from the general results about competitive systems of 13, 14, 25 .
Figures 1 and 2 of Section 8 provide us with examples illustrating all the
possible situations. They are slices of the solution set obtained by numeri-
cal calculations. We conjecture that the bifurcation diagrams shown in Fig.
1 provide us with all the possible bifurcation diagrams of coexistence states
 .of 1.1 . This conjecture is based upon the fact that if the number of
turning points of the curve increases, then we should have some turning
point with codimension higher than 1, which is not possible because of the
 . general properties of the linearizations of 1.1 at a coexistence state cf.
.Section 8 . As a result of this analysis, to gain insight into the dynamics of
 .  .1.1 , it is basic to analyze the geometry of the set of values of l, m for
 .which both semitrivial states are stable or unstable permanence . For the
 .autonomous model associated with 1.1 , and for the autonomous model
 .obtained from 1.1 by averaging its coefficients, this analysis is straightfor-
ward, because it turns out the curves of change of stability of the semitriv-
ial states are straight lines. To be precise, suppose that all the coefficient
 .  .functions of 1.1 are constant. Then, 1.1 admits the two semitrivial
 .  .positive solutions Lra, 0 and 0, Mrd . Moreover, the two semitrivial
positive solutions are linearly unstable if and only if
b c
bc - ad, L ) M , M ) L ,
d a
and the two are linearly asymptotically stable if and only if
b c
bc ) ad, L - M , M - L .
d a
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For this simple model, it is straightforward to check that the curves of
change of stability of the semitrivial states are
b c
L s M , M s L ,
d a
 .  .and that 1.1 possesses a coexistence state if and only if l, m lies in
between these curves. In this paper we show that in the nonautonomous
model this phenomenology may change substantially. In general, unless we
 .assume some specific structure of the several coefficients of 1.1 , the
curves of change of stability will not be straight lines and in fact they may
 .cross once, twice, or even more times cf. Section 9 . This phenomenology
is new and explains why the model may admit a coexistence state even in
the case when the stabilities of the semitrivial states are to the contrary.
w xThis fact was originally observed in 20 , but never explained. In fact, we
 .show that the geometry of the projection on the plane l, m of the
 .coexistence states of 1.1 is more complicated than the one for the elliptic
 . w xcounterpart of 1.1 analyzed in 8 . It seems likely that periodic coeffi-
cients add a different kind of complexity to the averaged kinetic behaviour
than diffusivities do. Most of our analysis has a counterpart in the
 .periodic]parabolic model associated with 1.1 if the diffusivities and
transport effects are assumed to be sufficiently small. This case will be
treated in a separate work, but the essential ideas are contained here.
Finally, we show that the dynamical complexity given by the periodicity of
the coefficients is sometimes complementary to the complexity added by
the diffusivities in the sense that some of the behaviour found in this paper
 .for 1.1 cannot occur for the elliptic counterpart. This is perhaps one of
the more important aspects which our work helps to clarify.
We now briefly describe the content of the paper. In Section 2 we
collect some well-known properties of the single logistic equation. In
Section 3 we obtain a singular perturbation result for the logistic equation.
Apart from being of interest in its own right, it will be used to calculate the
tangents at infinity of the curves of change of stability of the semitrivial
states. In Section 4 we recall the characterization of the stability of the
w xsemitrivial states. The result comes from 7 . For the sake of completeness
we give a very short proof of it. The main results of Section 5 are Lemma
5.1 and Theorem 5.2, which is well known in more general contexts cf.
w x.19 . These results will provide us with the uniform a priori bounds of
Section 6 which are essential to get the theorem of structure in Section 8.
For the sake of completeness we include a short self-contained proof of
Lemma 5.1 and Theorem 5.2 together with some of its immediate conse-
w xquences, Corollaries 5.3 and 5.4, originally from 13 . In Section 7 we study
the bifurcation to coexistence states from the semitrivial states. The
analysis of the bifurcation directions provides us with the stability of the
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coexistence states near the semitrivial states and gives a very simple recipe
to make a systematic construction of models which exhibit at least two
coexistence states. In Section 8, in addition to the structure theorem, we
display some numerically generated solution curves. Section 9 describes a
detailed analysis of the relative positions of the curves of change of
w xstability. Such analysis includes part of that already done in 8 . Finally, in
Section 10, we present a comparison with the autonomous model.
2. THE SINGLE LOGISTIC EQUATION
In this section we study the equation
w9 t s G t w y h t w2 t , 2.1 .  .  .  .  .
 .where G, h g C R , the space of continuous T-periodic functions, andT
 .h t ) 0, t g R. Notice that these types of equations provide us with the
 .semitrivial states of 1.1 .
Throughout this work, we deal with the Banach spaces of T-periodic
1  .  .functions X [ C R and Y [ C R ordered by their cones of nonnega-T T
tive functions, P and P , respectively. The interior of a cone P of anX Y E
Ç Ç .ordered Banach space E, P will be denoted by P. It is clear that P isY
 .the set of functions w g Y such that w t ) 0 for all t g R. Moreover,
Ç Ç  .P s P l X. Given an OBS E, P and u, ¨ g E, we write u G ¨ ifX Y
Ç 4u y ¨ g P, u ) ¨ if u y ¨ g P _ 0 , and u 4 ¨ if u y ¨ g P. By the
 .uniqueness of the Cauchy problem for 2.1 , any positive solution w g X0
 .of 2.1 satisfies w 4 0. In particular, we can divide the corresponding0
differential equation by w . Doing so and integrating over a period gives0
T T
G s hw . 2.2 .H H 0
0 0
In particular, HT G ) 0 is necessary for the existence of a positive T-peri-0
 .  .odic solution of 2.1 . Further, as 1.1 is a Riccati-type equation, elemen-
tary integration gives
 .LEMMA 2.1. Equation 2.1 admits a positi¨ e T-periodic solution if and
only if HT G ) 0. Moreo¨er, it is unique if it exists and if we denote it by u ,0 wG, h x
then
1 y exp yHT G s ds . .0
u t s . 2.3 .  .wG , h x T sH exp yH G t y s ds h t y s ds .  . .0 0
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More generally, we denote by u the maximal nonnegative periodicwG, h x
 .solution of 2.1 . The following results follow readily from the formula of
w xvariation of the constants 17 .
 .y1LEMMA 2.2. Gi¨ en V g Y, the operator R [ drdt q V : Y ¬ X isV
well defined if and only if HT V / 0. Moreo¨er, if HT V ) 0, then R 4 0,0 0 V
and if HT V - 0, then R < 0. By 4 we mean that the operator is strongly0 V
order preser¨ ing.
DEFINITION 2.3. Given u g X, it is said that u is a supersolution resp.
.  .  .  .  . 2 .   .  .subsolution of 2.1 if u9 t G G t u y h t u t resp. u9 t F G t u y
 . 2 .. w xh t u t for each t g 0, T .
 . T  .PROPOSITION 2.4. i If H G F 0, then 2.1 does not admit a positi¨ e0
subsolution in X.
T .  .ii If H G ) 0, then any positi¨ e supersolution w of 2.1 satisfies w G0
u . Moreo¨er, if the supersolution is strict, then w 4 u .wG, h x wG, h x
 . T  .iii If H G ) 0, then any positi¨ e subsolution w g X of 2.1 satisfies0
w F u . Moreo¨er, if the subsolution is strict, then w < u .wG, h x wG, h x
COROLLARY 2.5. Let G , h g Y, j s 1, 2, be such that G F G andj j 1 2
h G h ) 0. Then, u F u . Moreo¨er, if HT G ) 0 and either1 2 wG , h x wG , h x 0 21 1 2 2
G ) G or h - h , then u < u .1 2 1 2 wG , h x wG , h x1 1 2 2
3. THE SINGULAR PERTURBATION RESULT
The main result of this section is the following.
THEOREM 3.1. Gi¨ en G, h g Y with h ) 0 and HT G ) 0, let u [0 «
u denote the unique positi¨ e T-periodic solution ofwGr« , h r« x
« w9 t s G t w y h t w2 t . 3.1 .  .  .  .  .
If h 4 0 and G 4 0, then lim u s Grh uniformly in R.« x 0 «
Proof. Fix d ) 0 and consider u g X such that Grh q dr2 F u F Grh
q d . Then,
G d d d
G y hu u s h y u u F yh u F y G q h F «u 9 .  /  /h 2 2 2
for « sufficiently small. Thus, for such range of « 's, u is a supersolution of
 .3.1 and we get from Corollary 2.5 that u F u . Now, for d sufficiently«
small, consider u g X, u ) 0, such that
G G d
y d F u F y .
h h 2
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 .  .Then, G y hu u G dr2 hu G «u 9, for « sufficiently small. Hence, for
such range of « 's, u G u . Therefore,«
G G
y d F u F q d«h h
if « is small enough. This completes the proof.
Remark 3.2. The previous theorem also follows from standard results
w x  . y1in the book of Hale 11 on rewriting 3.1 for u s w . Note that the
resulting equation is linear.
4. STABILITY OF SEMITRIVIAL POSITIVE SOLUTIONS
For the rest of this work we set
1 1 L t M t .  .T T
l [ L , m [ M , l t [ m t [ . .  .H HT T l m0 0
Then
1 1T T
L t s l l t , M t s mm t , l s m s 1. 4.1 .  .  .  .  .H HT T0 0
 .With this notation, 1.1 possesses a T-periodic semitrivial state of the
 .  .form u, 0 if and only if l ) 0. Moreover, if l ) 0, then u , 0 is thew l l , ax
 .  .unique semitrivial state T-periodic of this form. Similarly, 1.1 possesses
 .a semitrivial state of the form 0, ¨ if and only if m ) 0. Moreover, if
 .m ) 0, then 0, u is the unique semitrivial state of this form. Tow m m , d x
shorten the notation, we simply write
u [ u , u [ u .l w l l , ax m w m m , d x
 .Notice that 2.2 implies
1 1T T
l s au , m s du . 4.2 .H Hl mT T0 0
The following result characterizes the stability of the trivial and semitrivial
 .T-periodic solutions of 1.1 .
 .  .PROPOSITION 4.1. i The tri¨ ial solution 0, 0 is linearly unstable if and
 .only if 1.1 admits a semitri¨ ial T-periodic positi¨ e solution; that is, if either
l ) 0 or m ) 0.
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 .  .ii Assume that l ) 0. Then, u , 0 is linearly unstable if and only ifl
 . T  . Tm ) 1rT H cu ; linearly stable if and only if m - 1rT H cu ; and lin-0 l 0 l
 . Tearly neutrally stable if and only if m s 1rT H cu .0 l
 .  .iii Assume that m ) 0. Then, 0, u is linearly unstable if and only ifm
 . T  . Tl ) 1rT H bu ; linearly stable if and only if l - 1rT H bu ; and lin-0 m 0 m
 . Tearly neutrally stable if and only if l s 1rT H bu .0 m
 .Proof. i A direct calculation shows that the Floquet multipliers of
 . lT mT  .0, 0 are e and e . This completes the proof of part i .
 .  .  .ii Assume that l ) 0. Then, 1.1 admits the semitrivial state u , 0 .l
 .  .The linearization of 1.1 at u , 0 is given byl
u9 s l l y 2 au u y bu ¨ , ¨ 9 s mm y cu ¨ . 4.3 .  . .l l l
 .  T  .A direct calculation from 4.3 shows that n [ exp H l l y 2 au s1 0 l
 T .  .exp yH au - 1 is a Floquet multiplier with associated eigenvector 1, 0 .0 l
Let n denote the other multiplier. We know from Liouville's formula that2
 T  . T  ..n n s exp H l l y 2 au q H mm y cu . To get the last equality we1 2 0 l 0 l
 .  T  ..used 4.2 . Thus, the other multiplier is given by n [ exp H mm y cu2 0 l
 .and therefore the linearized stability of u , 0 is given by the sign ofl
 . T  . Tm y 1rT H cu . If m ) 1rT H cu , then n ) 1 and hence the unsta-0 l 0 l 2
 .  . Tble manifold of u , 0 is one-dimensional. If m s 1rT H cu , then n s 1l 0 l 2
 .  . Tand u , 0 is neutrally stable. If m - 1rT H cu , then n - 1 and sol 0 l 2
 .u , 0 is linearly asymptotically stable. Similarly, the linear stability ofl
T .0, u is given by the sign of lT y H bu . This completes the proof.m 0 m
5. PERSISTENCE AND EXTINCTION
 . w . w .   .  ..Given u , ¨ g 0, ` = 0, ` , let u t; t , u , ¨ , ¨ t; t , u , ¨ de-0 0 0 0 0 0 0 0
note the unique nonnegative solution of the Cauchy problem
u9 s l l u y au2 y bu¨ ,
u t , ¨ t s u , ¨ . 5.1 .  .  .  . .0 0 0 02¨ 9 s mm¨ y cu¨ y d¨ ,
w x   .  ..It was shown in 20 that u t; t , u , ¨ , ¨ t; t , u , ¨ approaches a0 0 0 0 0 0
 .component-wise nonnegative T-periodic solution of 1.1 . The following
result provides us with some a priori bounds for the coexistence states of
 .  .1.1 and shows the permanence of 1.1 when both semitrivial positive
solutions are linearly unstable. It can be used as well to give extinction
results.
 .LEMMA 5.1. i Consider the sequence
u [ u , ¨ [ u , u [ u , n G 1. 5.2 .1 l n w m mycu , d x nq1 w l lyb ¨ , axn n
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 .  .Then, any coexistence state u, ¨ of 1.1 satisfies
u F u F u , ¨ F ¨ F ¨ , n G 1. 5.3 .nq1 n n nq1
 .ii Similarly, if we consider
¨ [ u , u [ u , ¨ [ u , n G 1, 5.4 .1 m n w l lyb ¨ , ax nq1 w m mycu , d xn n
then
u F u F u , ¨ F ¨ F ¨ , n G 1, 5.5 .n nq1 nq1 n
 .  .for any coexistence state u, ¨ of 1.1 .
 .  .Proof. It suffices to prove part i . Part ii follows by symmetry. To
 . 2 2show i , we use induction. Since u9 s l l u y au y bu¨ F l l u y au , u
is a subsolution of w9 s l l w y aw2. So, it follows from Proposition 2.4
that u F u [ u . Now, substituting this inequality into the ¨-equationl 1
2 2 .gives ¨ 9 s mm¨ y d¨ y cu¨ G mm y cu ¨ y d¨ , and Proposition 2.41
implies ¨ G u [ ¨ . Going back to the u-equation, we find thatw m mycu , d x 11 2 .u9 F l l y b¨ u y au , and so u F u [ u . Similarly, ¨ 9 G1 w l lyb ¨ , ax 212 .mm y cu ¨ y a¨ , and hence ¨ G u [ ¨ . Since ¨ G 0, we2 w m mycu x 2 12
have l l y b¨ F l l and hence we find from Corollary 2.5 that u [1 2
u F u [ u . Thus, mm y cu G mm y cu and so ¨ [w l lyb ¨ , ax 1 m 2 1 21
 .u G ¨ [ u . This completes the proof of 5.3 for n s 1.w m mycu , d x 1 w m mycu , d x2 1
 .Now, suppose that 3.3 is true for some n G 1. It suffices to show that
u F u F u , ¨ G ¨ G ¨ .nq2 nq1 nq2 nq1
 . 2From ¨ G ¨ , we find that u9 F l l y b¨ u y au , and hence u Fnq1 nq1
u [ u . Similarly, from u F u we find that ¨ 9 G mm yw l lyb ¨ , ax nq2 nq1nq 1 2.cu ¨ y d¨ , and hence ¨ 9 G u [ ¨ . So, it suffices tonq1 w m mycu , d x nq2nq 1
show that u F u and that ¨ G ¨ . Since ¨ F ¨ , we havenq2 nq1 nq2 nq1 n nq1
l l y b¨ F l l y b¨ and hencenq1 n
u [ u F u [ u .nq2 w l lyb ¨ , ax w l lyb ¨ , ax nq1nq 1 n
Finally, from the previous inequality we get mm y cu G mm y bunq2 nq1
and so
¨ [ u G u [ ¨ .nq2 w m mycu , d x w m mycu , d x nq1nq 2 nq1
This completes the proof.
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THEOREM 5.2. The limits
¨ [ lim ¨ , ¨ [ lim ¨ , u [ lim u , u [ lim u 5.6 .n n n n
nª` nª` nª` nª`
 .  .exist in X. Moreo¨er, the pairs u, ¨ and u, ¨ are component-wise nonnega-
 .ti¨ e T-periodic solutions of 1.1 and u F u F u, ¨ F ¨ F ¨ , for any nonneg-
 .  .  .ati¨ e T-periodic solution u, ¨ of 1.1 . Furthermore, for any u , ¨ g0 0
 .20, ` ,
lim u t ; t , u , ¨ , ¨ t ; t , u , ¨ g u , u = ¨ , ¨ . 5.7 .  .  . .0 0 0 0 0 0
tª`
 .Proof. The fact that the limits in 5.6 are pointwise well defined
follows from the monotonicity of the scheme. Moreover, by definition,
X X2 2¨ s mm y cu ¨ y d¨ , u s l l y b¨ u y au , .  .n n n n nq1 n nq1 nq1
5.8 .
X X2 2u s l l y b¨ u y au , ¨ s mm y cu ¨ y d¨ . . .n n n n nq1 n nq1 nq1
 .  .  .  .Lemma 5.1 ensures that u , u , ¨ , and ¨ are uniformly bounded.n n n n
 .Thus, it follows from 5.8 that each of these sequences is equicontinuous.
Therefore, it follows from the theorem of Ascoli and Arzela and the
 .monotonicity of the sequences that the limits 5.6 exist in X. Notice that,
 .  .  .passing to the limit as n ª ` in 5.8 , we find that u, ¨ and u, ¨ are
 .  .T-periodic solutions of 1.1 . Passing to the limit as n ª ` in 5.3 and
 .  . w x w x5.5 , we get that u, ¨ g u, u = ¨ , ¨ for any T-periodic coexistence
 . w x w xstate u, ¨ . Finally, the fact that u, u = ¨ , ¨ is an attracting rectangle
 .for the solutions of 5.1 is an easy consequence of the fact that any
 .nonnegative solution of 1.1 converges to a T-periodic solution.
From these results, the next well-known theorems due to Hess and
w xLazer 13 follow.
 .  .COROLLARY 5.3. If l ) 0, m ) 0, and u , 0 and 0, u are linearlyl m
 .unstable, then 1.1 is persistent.
 .  .Proof. Due to Proposition 4.1, the fact that u , 0 and 0, u arel m
unstable can be expressed as
1 1T T
l ) bu , m ) cu . 5.9 .H Hm lT T0 0
Thus, ¨ [ u 4 0 and u [ u 4 0. In particular, u 41 w m mycu , d x 1 w l lybu , axl m
 .  .0, ¨ 4 0, and 5.7 guarantees that 1.1 is persistent.
 .  .COROLLARY 5.4. i If l ) 0, u , 0 is linearly stable or linearly neutrallyl
 .  .stable, and 1.1 does not admit a coexistence state, then u , 0 is a globall
 .attractor for the positi¨ e solutions of 5.1 . This is the case if ¨ s 0 for somen
n G 2.
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 .  .ii By symmetry, if m ) 0, 0, u is linearly stable or linearly neutrallym
 .  .stable, and 1.1 does not admit a coexistence state, then 0, u is a globalm
 .attractor for the positi¨ e solutions of 5.1 . This occurs if u s 0 for somen
n G 2.
6. A PRIORI BOUNDS AND SOME NECESSARY
CONDITIONS
w xGiven a function f which is continuous on 0, T , let f , f denote theM L
w xmaximum and minimum of f on 0, T , respectively. For any l ) 0 and
m ) 0 it can be easily seen that
l l m m
l F u F l, m F u F m.l m /  / /  /a a d dL ML M
 .Thus, due to Lemma 5.1, for any coexistence state u, ¨ we have
l m
u F u F l, ¨ F u F m.l m  / /a d MM
Substituting these estimates into the system gives estimates for u and ¨ in
 .X, uniformly in compact sets of l, m . Moreover, such estimates are
 .  .  .uniform in bounded sets of b t and c t in the space C R .T
Corollary 5.4 provides us with some necessary conditions for the exis-
tence of a coexistence state, which will be very useful later. For example, if
 . Tl F 1rT H bu , then the model does not admit a coexistence0 w m mycu , d xl
 .state. Using 2.2 , we have
1 b 1 b cT T
bu G mm y cu G m y l . .H Hw m mycu , d x l  /l  /  /T d T d a M0 0L L
So, if
b c
l F m y l , 6.1 . / /d a ML
 .then 1.1 does not admit a coexistence state. In fact, due to Theorem 5.2,
 .under condition 6.1 the species ¨ drives u to extinction. By symmetry, if
c b
m F l y m , 6.2 . /  /a dL M
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then u drives ¨ to extinction. Therefore, the following relationship is
necessary for the existence of a coexistence state:
y1 y1b c c c b b
1 q l - m - 1 q l. 6.3 . /  /  / /  /  /d a a a d dL L MM L L
7. LOCAL BIFURCATION TO COEXISTENCE STATES
In this section we show that the curves of change of stability of the
semitrivial states are curves of bifurcation to coexistence states from the
 .semitrivial solutions. In fact, they provide us with the set of values of l, m
for which bifurcation from some semitrivial state may occur. We fix l ) 0
and regard m as the bifurcation parameter. The same analysis can be done
changing the roles of l and m. Let m , m ) 0 be the unique values of m0 1
for which
1 1T T
m [ cu , l [ bu . 7.1 .H H0 l m1T T0 0
The value of m is well defined. Indeed, since m ) 0 the mapping m ª u1 m
 . T  .is increasing and hence so is m ¬ 1rT H bu . Moreover, using 4.2 , we0 m
find that
1 1 b bT T
bu G du s m ª `H Hm m /  /T T d d0 0L L
as m ª `. Therefore, m is uniquely determined. The following result1
shows that bifurcation to coexistence states from the constant branch




w [ exp m m y cu , u [ y y l l q 2 au bu w . .  .H 0 l 1 l l /  /dt0
7.2 .
 .  .Then there exists « ) 0 and an analytic mapping m, u, ¨ : y« , « ¬ R =
X 2 of the form
m s , u s , ¨ s .  .  . .
s m q O s , u q su q O s2 , sw q O s2 , s ª 0, 7.3 .  .  .  . .0 l 1
 .   .  .  ..  .so that l, m, u, ¨ s l, m s , u s , ¨ s is a solution of 1.1 for each
 .  .s g y« , « . In fact, it is a coexistence state if s g 0, « . Moreo¨er, there
 . 2  .exists a neighbourhood Q of m , u , 0 in R = X such that if l, m, u, ¨ is0 l
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 .  .  .a solution of 1.1 with m, u, ¨ g Q, then either m, u, ¨ s
  .  .  ..  .  .  .m s , u s , ¨ s for some s g y« , « , or m, u, ¨ s m, u , 0 . In fact,l
 .m, u, ¨ depends analytically on b and c, and Q can be chosen uniformly in a
 .  w x.  .neighbourhood of b, c in the sense of 9 . Furthermore, if m s - m for0
  .  .  ..  .s ) 0, s , 0, then m s , u s , ¨ s is linearly unstable; if m s ) m for0
  .  .  ..s ) 0, s , 0, then m s , u s , ¨ s is linearly asymptotically stable; and if
 .m s ' m , then the coexistence states are linearly neutrally stable. Finally, the0
bifurcation direction is gi¨ en by
1 T T
m9 0 s dw q cu . 7.4 .  .H H 1 /T 0 0
 .Proof. As the dimension of the unstable manifold of u , 0 changes byl
w xone when m crosses m , we can apply the main theorem of 5 to show the0
 .existence and uniqueness of a solution curve emanating from u , 0 at m .l 0
 .The analyticity is a consequence of the fact that the solutions of 1.1 can
be viewed as zeros of an operator that depends analytically on the several
 .coefficients appearing in 1.1 . It can be easily seen that the set of
 .  .T-periodic solutions of the linearization of 1.1 at m , u , 0 is generated0 l
 .  .by w, u . This shows that 7.3 is the form of the emanating solution1
curve. The stability assignments follow readily from the exchange stability
w xprinciple 6 . The uniformity in b and c is a consequence of the main
w x  .theorem of 9 . It suffices to show that 7.4 is the bifurcation direction.
 .Substituting the solution curve into the ¨-equation of 1.1 and setting
 . 2  3.¨ s s sw q s ¨ q O s , s ª 0, gives2
¨ X s m m y cu ¨ q m9 0 m y dw y cu . .  . .2 0 l 2 1
The Fredholm alternative completes the proof.
Remark 7.2. If c is sufficiently small, then the bifurcation is super-M
critical, while if c is large enough, then it is subcritical.L
Remark 7.3. It follows easily from the implicit function theorem that
 .m is the unique value of m for which u , 0 is degenerate; it is the unique0 l
value for which one is an eigenvalue of the Poincare map associated withÂ
 .u , 0 .l
 .Remark 7.4. If the bifurcation is vertical, i.e., m s ' 0, then a global
 .  .continuation argument shows that u , 0 and 0, u are connected by al m 0w x``vertical segment'' of coexistence states 17 . In such case m s m , i.e.,0 1
such a situation can only occur in a crossing point between the curves of
change of stability of the semitrivial states.
From the symmetry of the system, a similar result holds on fixing m and
varying l as the main parameter.
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8. STRUCTURE OF THE COEXISTENCE STATES
As in the previous section we fix l ) 0 and treat m ) 0 as the main
 .continuation parameter. The values of m and m are given by 7.1 . The0 1
following theorem is the main result concerning the structure of the set of
 .coexistence states of 1.1 .
THEOREM 8.1. There exist L ) 0, m ) 0, m G m , and an analyticÃ Ã Ã0 1 0
 . w x w x 2mapping m, u, ¨ : 0, L ¬ m , m = P such that:Ã Ã0 1 X
 .a m F m , m F m .Ã Ã0 0 1 1
 .   .  .  ..  .  .b m s , u s , ¨ s is a coexistence state of 1.1 for any s g 0, L .
 .   .  .  ..  .   .  .  ..  .c m 0 , u 0 , ¨ 0 s m , u , 0 , m L , u L , ¨ L s m , 0, u .0 l 1 m1
 .  .  .d If u , ¨ , m is a coexistence state of 1.1 , then there exists0 0
 .  .   .  .  ..s g 0, L such that u , ¨ , m s u s , ¨ s , m s .0 0
 .  . .   .  .  ..e If dmrds s - 0, then u s , ¨ s , m s is unstable. If
 . .   .  .  ..dmrds s ) 0, then u s , ¨ s , m s is exponentially asymptotically stable.
 .  . .  . .  . .f If dmrds s ) 0, then durds s < 0 and d¨rds s 4 0.
 .  .g The constants L ) 0, m , m and the mapping m, u, ¨ ¨aryÃ Ã0 1
analytically with l.
 .Remark 8.2. As 6.3 is necessary for the existence of a coexistence
state, we have
y1b c c
1 q l /  / /d a aL LM
y1c b b
F m F m F 1 q l. 8.1 .Ã Ã0 1  /  /  /a d dM L L
Remark 8.3. The number of L in Theorem 8.1 depends upon the
parametrization of the curve of coexistence states. If we parametrize by
the length of arc, then L is the total length of the curve of coexistence
states.
 .Theorem 8.1 guarantees that the set of coexistence states of 1.1 is an
analytic surface linking the two surfaces of semitrivial states along their
curves of change of stability. Moreover, the stability of the coexistence
states only changes when passing through a turning point. In particular, no
isolas of solutions or secondary bifurcations arise. By an isola we mean a
closed solution curve.
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In order to study the solution curves we have carried out some numeri-
 .cal investigations. We solve 1.1 using spectral collocation methods cou-
pled with path-following techniques. This gives high accuracy with low
w xcomputational cost. Details can be found in 8 and the references therein.
For the periodic boundary conditions discussed here, the most appropriate
set of basis functions to use is trigonometric polynomials, and these were
used to generate the results illustrated below.
Figure 1 shows some constant m slices through these surfaces, each
 .point on a curve being a nonnegative T-periodic solution of 1.1 . Given a
m ) 0, we have plotted the parameter l along the horizontal axis, and
5 5 5 5 5 5  2 .1r2along the vertical one we give the value u r2 q ¨ , where f s  ci
 .  .if f s c q c sin 2p trT q c cos 2p trT q ??? . This particular choice of1 2 3
 .  .norm makes it easy to distinguish between the semitrivial u, 0 and 0, ¨
curves, which would otherwise cross near the bifurcation points and
confuse the picture. Stable coexistence states are represented by continu-
ous lines; unstable coexistence states by dashed lines. Several different
cases are shown according to the nature of the bifurcations to coexistence
states from the semitrivial states. In particular, we have used the following
FIG. 1. Constant m bifurcation diagrams.
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choices to get the figures shown:
 .  .  .  .Figure 1a: m s 3.32, m t s 1 q 0.7 sin 2p t , l t s 1 q 0.7 cos 2p t ,
 .  .  .  .b t s 0.9 q 0.7 sin 2p t q pr4 , c t s 0.9 q 0.7 cos 2p t q pr4 .
 .  .  .  .Figure 1b: m s 3.32, m t s 1 q 0.7 sin 2p t , l t s 1 q 0.7 cos 2p t ,
 .  .  .  .b t s 0.9 q 0.7 sin 2p t , c t s 0.9 q 0.7 cos 2p t .
 .  .  .  .  .Figure 1c: m s 5.0, l t s m t s 1 q 0.7 sin 2p t , b t s c t s 0.9
 .q 0.7 sin 2p t .
 .  .  .  .  .Figure 1d: m s 3.32, l t s m t s 1 y 0.7 sin 2p t , b t s c t s 1.1
 .q 0.7 sin 2p t .
 .As surfaces are connected and the projection onto the l, m variables is
 .  .continuous, the set of values of l, m for which 1.1 possesses a coexis-
 .tence state is connected. As an easy consequence of this, for each l, m in
the region delimited by the curves of change of stability of the semitrivial
states there is a coexistence state. In the next section we shall study the
relative position of the curves of change of stability of each of the
semitrivial states.
As a consequence of the analyticity, some of the following alternatives
 . w x  . .occurs: either m s s m for all s g 0, L , or dmrds s s 0 at most for a0
w xfinite number of s g 0, L . If the first alternative occurs, then the set of
 .solutions of 1.1 is a vertical segment linking the two semitrivial states. In
such case m s m , because these are the unique values of m for which0 1
bifurcation from the semitrivial states can occur, both semitrivial states
being neutrally stable. If the second situation occurs, then the curve of
coexistence states possesses at most a finite number of hysteresis and
turning points. Figure 2 shows some of the possible situations when both
 .semitrivial states are neutrally stable. In some cases 1.1 possesses a
coexistence state; in others it does not. Figure 2 shows the following cases:
 .  .  .  .Figure 2a: m s 5.365, m t s 1 q 0.7 sin 2p t , l t s 1 q 0.7 sin 2p t ,
 .  .  .  .b t s 0.9 q 0.7 sin 2p t , c t s 0.9 q 0.7 sin 2p t .
 .  .  .  .Figure 2b: m s 5.365, m t s 1 q 0.7 sin 2p t , l t s 1 q 0.7 cos 2p t ,
 .  .  .  .b t s 0.9 q 0.7 sin 2p t , c t s 0.9 q 0.7 cos 2p t .
Theorem 8.1 also provides us with information on the dynamics of the
 .positive T-periodic solutions of 1.1 . The stability of the coexistence curve
emanating from the semitrivial states is given by the exchange stability
w xprinciple 6 . The stability far away from the semitrivial states is given by
the following rule: The stability changes exclusively at the turning points.
In fact, the two Floquet multipliers of any coexistence state are real and
one of them has modules less than one. So, the stability is given by the
other multiplier. In particular, the dimension of the unstable manifold of
any coexistence state will change by unity at any turning point. Moreover,
we show that along the arcs of a curve filled in by stable coexistence states
the species ¨ increases as m increases, while u decreases.
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FIG. 2. Constant m bifurcation diagrams.
Proof of Theorem 8.1. The basic idea consists of imbedding the model
 .1.1 into the following one-parameter family of models
u9 t s l l t u t y a t u2 t y b t u t ¨ t , .  .  .  .  .  .  .  .
8.2 .
¨ 9 t s mm t ¨ t y « c t u t ¨ t y d t ¨ 2 t , .  .  .  .  .  .  .  .
w xwhere « g 0, 1 . Due to the estimates of Section 7, fixed l ) 0, we have
2  .uniform a priori bounds in R = X for the coexistence states m, u, ¨ of
 .  .8.2 . Moreover, when « s 0, 8.2 becomes uncoupled and it admits a
 .coexistence state if and only if m g 0, m . Recall that m is the unique1 1
 . T  .value of m such that l s 1rT H bu . In fact, if m g 0, m , then0 m 11
 .  .  .u , u is the unique coexistence state of 8.2 for « s 0 . Hence,w l lybu , ax mm
 .if « s 0, then the set of coexistence states of 8.2 , regarding m as a
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parameter, consists of an analytic curve linking the two semitrivial states at
m s 0 and m s m . The proof of the theorem consists in showing that this1
structure is maintained when we vary the secondary parameter « from
zero to one. More precisely, what should be invariant as « increases is the
number of connected components of the set of coexistence states, because
the fact that there is a curve of coexistence states linking the two
semitrivial states follows by using a global continuation from the feature
that an analytic arc of curve of coexistence states passes through any
 .coexistence state. To be more precise, note that the solutions of 8.2 can
be viewed as zeros of the operator F: R2 = X 2 ¬ Y 2 defined by
F « , m , u , ¨ .
s u9 y l l u q au2 q bu¨ , ¨ 9 y mm¨ q d¨ 2 q « cu¨ , 8.3 . .
which is analytic in all its arguments. Now, we shall list some crucial
properties, which are based upon the fact that the system is planar and
that it possesses a quasi-cooperative structure. By quasi-cooperative we
mean that the off-diagonal entries of the matrices of the linearizations at
any coexistence state are both negative. Such systems become cooperative
 .for the order induced by the cone P = yP . A good summary of resultsX X
w xfor periodic cooperative systems can be found in 15 . Given any solution
 . 2  .  . 2 2m , u , ¨ g R = X of 8.2 , if D F « , m , u , ¨ : X ¬ Y is in-0 0 0 u, ¨ . 0 0 0
 .vertible we say that u , ¨ is nondegenerate. Otherwise, it will be said0 0
 .that u , ¨ is degenerate. Due to the implicit function theorem if0 0
 .m , u , ¨ is nondegenerate, then there exists an analytic curve0 0 0
  .  ..   .  ..  .m, u m , ¨ m , m , m , u m , ¨ m s u , ¨ , and a neighbourhood0 0 0 0 0
 . 2  .  .Q of m , u , ¨ in R = X such that if F « , m, u, ¨ s 0 with m, u, ¨ g0 0 0
 .   .  ..Q, then u, ¨ s u m , ¨ m . The main properties of the coexistence
 . w xstates for 8.2 were found in 17 and can be summarized as follows:
 .  .i If m , u , ¨ is a degenerate coexistence state, then there exist0 0 0
 .w, c g X, w 4 0, c < 0, such that the null space of D F « , m , u , ¨u, ¨ . 0 0 0
 .is generated by w, c .
 .  .  .  .ii If m, u , ¨ and m, u , ¨ are two coexistence states of 8.2 ,1 1 2 2
then either u < u and ¨ 4 ¨ , or u 4 u and ¨ < ¨ , i.e., any pair1 2 1 2 1 2 1 2
of coexistence states is ordered by the order induced by the cone P =X
 .yP .X
 .  .  .iii For any coexistence state m , u , ¨ of 8.2 , the operator0 0 0
 . 2 2D F « , m , u , ¨ : R = X ¬ Y is Fredholm of index one. There- m , u, ¨ . 0 0 0
 .  .fore, there exists d ) 0 and an analytic mapping m, u, ¨ : yd , d ¬ R =
2   .  .  ..  .   .  .  ..X such that m 0 , u 0 , ¨ 0 s m , u , ¨ and F « , m s , u s , ¨ s s 00 0 0
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 .  .for all s g yd , d . Moreover, there is a neighbourhood Q of m , u , ¨0 0 0
2  .  .  .in R = X such that if m, u, ¨ g Q and F « , m, u, ¨ s 0, then m, u, ¨
  .  .  ..  .s m s , u s , ¨ s for some s g yd , d . Furthermore, the mappings and
the Q's can be chosen uniformly in « .
 .  .iv The length of any arc of solution curve of 8.2 within the
positive cone is finite.
Each of these properties can be derived from the previous one. The first
one can be obtained either by elementary integration or by the finite-di-
mensional version of the Frobenius]Krein]Rutman theorem. Now, aÈ
global continuation from the local branch of coexistence states emanating
from any of the semitrivial states shows that we can link the two semitrivial
states by an analytic curve of coexistence states with finite length. More-
w xover, all those things can be done uniformly in « , as we did in 17 with
respect to the parameter b therein. In fact, the whole curve can be shown
to be nondegenerate with respect to « in the following sense. Given
w x« g 0, 1 , let C denote the curve of coexistence states joining the two«
w xsemitrivial states. Fix « g 0, 1 . Then, there exists a neighbourhood Q0 « 02  .of C in R = X such that the only coexistence states of 8.2 in Q are« «0 0
< <those of C for « y « - d . Moreover, the same property is true if we« 0
 .consider any other connected component of the solution set of 8.2 in the
positive cone. This property suffices to guarantee that the number of
 .connected components of F « , ? s 0 cannot vary with « , because in
addition we have uniform a priori bounds in « . As the solution set
possesses a unique connected component when « s 0, this will be the
situation also for any « ) 0. This completes the proof of the assertions
concerning the structure. The stability and monotonicity properties follow
from the quasi-cooperative structure of the system. This completes the
proof.
Notice that since any two coexistence states are ordered, no double
points may arise on the curve of coexistence states in any of the bifurca-
tion diagrams that we have represented before. We have shown that the
bifurcation diagrams of coexistence states are of the same type as those
predicted numerically.
To complete this section, we give some straightforward consequences
from Theorem 8.1 relative to the multiplicity and stability of the coexis-
 .tence states of 1.1 . Suppose that both semitrivial states are linearly
 .unstable. Then, 1.1 possesses an odd number of asymptotically stable
coexistence states and an even number of unstable coexistence states. In
 .particular, it admits at least one unstable coexistence state. Moreover, 1.1
admits at most a finite number of linearly neutrally stable coexistence
states. If both semitrivial states are linearly asymptotically stable, then
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 .1.1 possesses an odd number of linearly unstable coexistence states, an
even number of linearly asymptotically stable coexistence states, and at
most a finite number of linearly neutrally stable coexistence states. In
particular, it admits at least an unstable coexistence state. If a semitrivial
state is linearly asymptotically stable and the other is linearly unstable,
 .then the number of coexistence states of 1.1 that are linearly asymptoti-
cally stable equals the number of coexistence states that are linearly
unstable. Figures 1 and 2 provide us with examples illustrating all the
possible situations. All these features can be easily obtained from Theo-
rem 8.1 by considering all the possible different situations which may arise
according to the relative positions of the curves of change of stability of
the semitrivial states and the bifurcation direction of the coexistence states
w xfrom the semitrivial states. Fixed point index in cones, as used in 16 , also
can be applied to the current situation here to show the previous features.
The fixed point index of a T-periodic solution is 1 if it is asymptotically
stable, y1 if it is unstable, and 0 if it is linearly neutrally stable. If both
semitrivial states are unstable, then the sum of the indices of the coexis-
tence states is 1; if both are unstable, then it is y1; if one is stable and the
other is unstable, then the sum of the indices is zero. It can be easily seen
that these relations give the previous multiplicity and stability results.
We conjecture that the bifurcation diagrams shown in Figure 1 provide
 .us with all the possible bifurcation diagrams of coexistence states of 1.1 .
Our conjecture is based upon the fact that if the number of turning points
of the curve increases, then we should have some turning point with
codimension higher than 1, which is not possible because of the general
 .properties of the linearizations of 1.1 at a coexistence state.
9. COEXISTENCE REGIONS
In this section we analyse the relative positions of the curves
1 1T T
C ' m s cu , C ' l s bu . 9.1 .H Hu , 0. l 0 , u . ml mT T0 0
 .This analysis will give the shape of the set of values of l, m for which
both semitrivial states have the same, or contrary, local attractive charac-
ter. The interest of this problem comes from the multiplicity and stability
results obtained at the end of Section 8 as a consequence of Theorem 8.1.
w x  . TGiven a g C 0, T , we shall denote a [ 1rT H a . The following resultÃ 0
 .provides us with the local behaviour of the curves 9.1 at the point
 .  .l, m s 0, 0 .
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LEMMA 9.1. The cur¨ e C is gi¨ en byu , 0.l
` 1 T nm s c t a t dt l , .  . H nT 0ns1
where
n1 t t
a s , a t s la y aa a q C , n G 1, . H H1 nq1 n j nq1yj nq1aÃ 0 0js1
9.2 .
and C , n G 1, are the constants gi¨ en bynq1
n1 aT t t
C s la y aa a l y 2H H Hnq1 n j nq1yj  / /T aÃ0 0 0js1
n1 T
y aa a . 9.3 . H j nq2yjT 0js2
Similarly, one can obtain the expansion of C . In particular, we ha¨e0, u .m
Ãc bÃ
2 2m s l q O l , l s m q O m 9.4 .  . .ÃaÃ d
for l , 0 and m , 0. Therefore, the tangents at the origin of the cur¨ es of
change of stability are
Ãc bÃ
m s l, l s m.ÃaÃ d
 .Proof. It follows from 2.3 that the dependence on l of u is analytic.l
 .Let a be the unique sequence of X such thatn
`
nu s a t l . 9.5 .  .l n
ns1
 .Notice that u s 0, i.e., u bifurcates from zero at l s 0. Substituting 9.50 l
into the logistic equation, the following holds:
` ` `




X Xa s 0, a s la y a a a , n G 1. 9.6 .1 nq1 n j nq1yj
js1
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 .  .It follows from 9.6 that a t is constant, say a s C . Such a constant1 1 1
must be determined so that the a -equation possesses a T-periodic solu-2
tion. Hence,
T T
C l y C a s 0.H H1 1 /0 0
Thus, either C s 0 or C s 1ra. It can be easily shown that C s 0Ã1 1 1
implies a s 0 for all n G 1 and hence u s 0. Therefore, C s 1ra. FixÃn l 1
 .n G 1. Then, relations 9.2 are true for some constants C which havenq1
to be determined so that the a -equations admit a T-periodic solution.nq2
Since the a th equation can be written asnq2
na
Xa s a l y 2 y aa a ,nq2 nq1 j nq2yj /aÃ js2
 .we find 9.3 . This completes the proof.
As a consequence of the previous result the behaviour of the curves
 .  .9.1 at 0, 0 is linear. The following result shows that the behaviour at
infinity of these curves is also linear.
LEMMA 9.2. The following relations are satisfied:
1 1T T
cu buH Hl m1 c l 1 bmT TT T0 0lim s , lim s .H H
l T a m T dl­` m ­`0 0
In particular, the cur¨ es C and C possess the following directions atu , 0. 0, u .l m
infinity:
1 c l 1 bmT T
m s l, l s m , 9.7 .H H / /T a T d0 0
respecti¨ ely.
Proof. It can be easily seen that for any l ) 0 we have u s lc , wherel l
c is the unique T-periodic positive solution of the equationl
1
2w9 s l w y aw .
l
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It follows from Theorem 3.1 that lim c s lra uniformly in R. Hence,l­` l
1 T
cuH l 1 c lTT 0lim s .H
l T al­` 0
By symmetry, the proof is completed.
 .Now, we analyse the shape of the set of values of l, m for which the
 .unstable manifolds of the two semitrivial states of 1.1 possess the same
dimension, either zero or one. Basically, the shape of this region depends
upon the following rates:
Ãbc 1 c l 1 bmÃ T T
R [ , R [ ? . 9.8 .H H0 `Ã T a T dad 0 0Ã
We shall distinguish each of the following four cases:
 .i R - 1 and R - 1;0 `
 .ii R - 1 and R ) 1;0 `
 .iii R ) 1 and R ) 1;0 `
 .iv R ) 1 and R - 1.0 `
 .By developing the coefficients of 1.1 in Fourier series, one can easily
obtain examples for which each of the previous cases occurs. For example,
by choosing
2p 2p
a s d [ 1, l t [ 1 q l sin t , m t [ 1 q m sin t , .  . 11  /  /T T
and
2p 2p
b t [ b q b sin t , c t [ c q c sin t , .  .0 1 0 1 /  /T T
< < < <where l , m , b , c , j s 1, 2, are constants such that l - 1, m - 1,1 j j 11 1
< < < <b ) 0, c ) 0, b - b , and c - c , then0 0 1 0 1 0
Ã Ãl s m s 1, b s b , c s c ,Ã Ã0 0
1 1 1 1T T
bm s b q m b , c l s c q l c .H H0 1 1 0 11T 2 T 20 0
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Thus,
1 1R s b c , R s b q m b ? c q l c , 9.9 . .  .0 0 0 ` 0 1 1 0 12 2 1
and even in the symmetric case, i.e., when m s l and b s c, we have
 .  .enough freedom to choose b , b , and l such that each of i ] iv is0 1 1
satisfied. In Fig. 3 we show several plots of the curves of change of stability
 .9.1 in the symmetric case. These curves were generated numerically by
 .evaluating the quadrature formula 2.3 using Simpson's rule with Richard-
son extrapolation.
In all cases we fix a s d s 1. Suppose first that
T s 1, l t s m t s 1 q 0.05 sin 2p t , .  .  .
9.10 .
b t s c t s 0.9 q 0.05 sin 2p t . .  .  .
 .  .Then we are in case i . Figure 3a shows the curves 9.1 for this example.
 .In Fig. 3b we show the same curve but with the l, m coordinate system
 .  . .rotated through pr4, to give a l q m r2, l y m r2 coordinate system,
 .and the l y m r2 axes stretched to emphasise the details of the wedge.
We use this coordinate system in all the following figures. In this example,
the sides of the wedge are almost but not exactly linear. It appears that the
relative position of the curves of change of stability of the semitrivial states
shown in Fig. 3a and b hold also for large values of l and m. This is in fact
true, and it is an easy consequence of the following result, which is valid
 .for 1.1 , without any symmetry requirement.
 .  .  .PROPOSITION 9.3. a If cra brd - 1, then the cur¨ es of change ofM M
stability of the semitri¨ ial states do not meet and in between them both
semitri¨ ial states are linearly unstable.
 .  .  .b If cra brd ) 1, then the cur¨ es of change of stability of theL L
semitri¨ ial states do not meet and in between them both semitri¨ ial states are
linearly asymptotically stable.
Proof. The proof can be easily obtained from the following estimates:
c 1 c b 1 bT T
l F cu F l, m F bu F m ,H Hl m /  /  /  /a T a d T dL M0 0L M
and the characterization of the stability of the semitrivial positive solu-
tions.
 . 2For the example 9.10 we have that a s d s 1 and that c b s 0.95M M
- 1. So, the curves do not meet and globally look like those shown in Fig.
3a and b. In particular, the semitrivial states cannot be simultaneously
 .  .stable. The condition cra brd - 1 is necessary in order to be sureM M
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FIGURE 3.
 .that the curves 9.1 do not meet. The following example illustrates this
fact. Suppose that
T s 1, l t s m t s 1 q 0.7 cos 2p t , .  .  .
9.11 .
b t s c t s 0.9 q 0.7 sin 2p t . .  .  .
 .Then, R - 1, R - 1, and c b ) 1. Figure 3c shows the curves 9.1 .0 ` M M
These curves meet at least twice at the points A and B, so the region
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between them is divided into three areas according to the relative position
of the curves. In Fig. 3c these areas are denoted by D , D , and D . In the1 2 3
interior of D and D both semitrivial states are linearly unstable, and in1 3
the interior of D both are linearly asymptotically stable. Note that, more2
 .generally, when condition i is satisfied the number of transversal crossing
 .points between the curves 9.1 is even.
Next, suppose that
T s 1, l t s m t s 1 q 0.7 sin 2p t , .  .  .
9.12 .
b t s c t s 0.9 q 0.7 sin 2p t . .  .  .
 .Now, R - 1 and R ) 1, and so we are in case ii . In particular, it must0 `
be at least a transversal crossing point between the curves of change of
stability of the semitrivial states. In fact, the number of such crossing
points is odd. In Fig. 3d we show the plot of these curves for the case
 .9.12 . We have denoted the crossing point by A. Now, the region where
the semitrivial positive solutions possess the same attractive character is
divided into two regions, D and D . In D both semitrivial states are1 2 1
stable, and in D both are unstable.2
 .In Fig. 3e we have plotted the curves 9.1 for the case
T s 1, l t s m t s 1 q 0.7 sin 2p t , .  .  .
9.13 .
b t s c t s 2 q 0.7 sin 2p t . .  .  .
Now, R ) 1, R ) 1, and c b ) 1. Thus, Proposition 9.3 guarantees0 ` L L
 .that the curves 9.1 do not meet and hence in between them both
semitrivial states are stable.
 .In case iii it may happen that the curves of change of stability cross
sometimes, necessarily at an even number of meeting points. We have
calculated the curves for
T s 1, l t s m t s 1 q 0.7 sin 2p t , .  .  .
b t s c t s 1.1 q 0.7 cos 2p t . .  .  .
The resulting plot looks very like Fig. 3c, so we shall not display it here.
However, the interpretation of the regions is reversed. In this case, in D1
and D both semitrivial states are stable, and in D both are unstable.3 2
 .Finally, we have calculated the curves 9.1 for the case
T s 1, l t s m t s 1 y 0.7 sin 2p t , .  .  .
9.14 .
b t s c t s 1.1 q 0.7 sin 2p t . .  .  .
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The resulting plot looks very like Fig. 3d. Now, R ) 1 and R - 1. Thus,0 `
the curves cross at an odd number of meeting points. For our choice they
meet at the point A. So the region in between is divided into two parts, D1
and D . In D both semitrivial positive solutions are unstable, and in D2 1 2
both are stable.
10. COMPARISON WITH THE AUTONOMOUS MODEL
In the autonomous case, i.e., when m s l s 1 and l, m, a, b, c, and d
 .are real constants, 1.1 admits the two semitrivial positive solutions
 .  .lra, 0 and 0, mrd provided l ) 0 and m ) 0. Moreover, both semitriv-
ial positive solutions are unstable if and only if
b c
bc - ad, l ) m , m ) l,
d a
and both are stable if and only if
b c
bc ) ad, l - m , m - l.
d a
Moreover, it is straightforward to check that the curves of change of
stability of the semitrivial states are
b c
l s m , m s l,
d a
 .  .and that 1.1 possesses a coexistence state if and only if l, m lies in
between these curves. As a result of the analysis in Section 9, we have seen
that the situation in the nonautonomous case changes drastically. Now,
unless we assume some specific structure on the several coefficients
 .appearing in 1.1 , the curves of change of stability are not in general
straight lines and they can cross each other once, or twice, or perhaps
more times. Another difference between the autonomous model and the
nonautonomous one which was originally observed by Mottoni and Schi-
w x  .affino 20 is the fact that 1.1 may exhibit coexistence states even in the
case when one of the semitrivial states is asymptotically stable and the
other is unstable, which is never true for the autonomous model.
We now give a class of examples for which some of the curves of change
of stability of the semitrivial positive states is a straight line. This may help
to clarify the difference between the two models.
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 .  .  .LEMMA 10.1. Suppose a s 1, l t is Tr2-periodic, and c t s c q c tÃ 1
 .  .with c t a T-periodic function whose projection on C R is zero. Then,1 T r2
 . T  .1rT H cu s cl. In particular, the cur¨ e of change of stability of u , 0 inÃ0 l l
 .the l, m -plane is the straight line m s cl.Ã
 .Proof. By expanding in Fourier series l t , we have that
` `2p 2pÄl t s 1 q l sin 2 j t q l cos 2 j t . 10.1 .  . 2 j 2 j /  /T Tjs1 js1
Moreover, by the theorem of existence and uniqueness for the logistic
equation, it follows easily that u is Tr2-periodic. Since a s 1, a simplel
Ãintegration shows that u s l. Thus,l
` `2p 2pÄu t s l q u sin 2 j t q u cos 2 j t . 10.2 .  . l 2 j 2 j /  /T Tjs1 j-s1
On the other hand, since we are assuming that
` `2p 2p
c t s c q c sin 2 j y 1 t q c cos 2 j y 1 t , .  .  .Ã Ç 2 jy1 2 jy1 /  /T Tjs1 js1
 . Ta simple calculation shows that 1rT H cu s cl. This completes theÃ0 l
proof.
The plots of the corresponding curves look very like Fig. 3a and b, so we
do not reproduce them here.
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